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Abstrat
The operation of a soure of entangled eletron spins, based on a superondutor and two quantum
dots in parallel
1
, is desribed in detail with the help of quantum master equations. These are derived
inluding the main parasiti proesses in a fully onsistent and non-perturbative way, starting
from a mirosopi Hamiltonian. The average urrent is alulated, inluding the ontribution of
entangled and non-entangled pairs. The onstraints on the operation of the devie are illustrated
by a alulation of the various harge state probabilities.
1
I. INTRODUCTION
Entanglement is a basi resoure in quantum omputation and quantum ommuniation
2
.
Reently, various experiments for quantum information proessing shemes have been su-





Any system with a two-level quantum degree of freedom is a possible andidate to arry
a quantum bit. One of suh is the eletron and its spin. In priniple, individual eletrons
an be manipulated in a quantum iruit and have the advantage of promising high-level
integration in eletroni devies
6
. Notie that the eletron ow an be in priniple muh
larger than the photon ow in equivalent optial devies where attenuation is neessary to
produe individual photons. Moreover, photons essentially do not interat exept during
their generation proess, whereas Coulomb orrelations between eletrons in a quantum
iruit open the possibility for new operations between quantum bits
7,8
.
Non-loality in quantum mehanis an be probed by letting two quantum degrees of
freedom interat, and subsequently separating these two systems. Here, eletroni entangle-
ment an be reated using a superondutor
1,9
, where two eletrons forming a Cooper pair
are in a singlet state. The superondutor is oupled to two arms, eah of them olleting
one eletron from eah Cooper pair. The emission of one eletron in eah lead from the
same Cooper pair orresponds to the so-alled Crossed Andreev proess
10,11,12
, whih an
be understood as a non-loal Andreev reetion: the emission of one of the eletrons an
be seen as the absorption of a hole with opposite spin and opposite momentum. The two
eletrons forming the singlet are then spatially separated. It is then neessary to avoid the
ordinary Andreev reetion where the two eletrons go into the same lead. This seletion
an be enfored, either with the help of spin lters, leading to energy entanglement
9
. Or
alternatively, one an use energy lters, leading to spin entanglement
1,9
. Quantum dots
with Coulomb blokade, inserted in eah branh, an eiently selet the rossed Andreev
proess. As another possibility, the superondutor an be replaed by a normal quantum
dot
7,13
. In this paper, the studied devie onsisting of a superondutor onneted to two
quantum dots in parallel will be alled the Entangler (see Fig.1). Branhing urrents in
the right and left leads were alulated for this Entangler in Ref. 1 using a T-matrix ap-
proah. Entanglement an be probed by sending the eletrons from a splitted pair into a
beamsplitter
14




In the present paper a mirosopi derivation of quantum master equations
16
for the
Entangler is presented. It provides a simple, intuitive approah to probe entanglement
and to monitor the eet of parasiti proesses. Compared to a T-matrix derivation
1
, this
approah has the advantage of desribing the whole harge dynamis in a non-perturbative
way (this statement will be qualied below). This allows to derive not only the average
urrent but also the higher moments of the urrent distribution. Another point is that
quantum master equations an be applied to any arbitrary quantum system ontaining
superonduting elements, or to another kind of Entangler.
Over the past years a great interest has been devoted to the desription of the trans-
port properties through devies ontaining oupled nanostrutures, where quantum inter-
ferene has a strong inuene. A rather aessible method, generalizing the lassial master
equations
17
, has been developed in Ref.18 where Bloh-type quantum rate equations have
been derived using the Shrödinger equation. When the system is an isolated quantum dot
in the Coulomb blokade, only the diagonal elements of the density matrix (the oupation
probabilities) enter the rate equations. On the other hand, when the transfer of eletrons
through a quantum devie goes through a superposition of states in the dierent parts of this
devie, non-diagonal matrix elements will appear in the equations of motion. The master




The mirosopi derivation of these equations provides a good understanding of the or-
respondene between quantum and lassial desriptions of transport in mesosopi systems.
The ruial point is the deoupling between the time sales whih speify, rst, the dynamis
inside the reservoirs and, seondly, the inverse rates for oupling the quantum states and the
leads. This deoupling proedure is justied as long as the time sales haraterizing transfer
within the quantum system and injetion (emission) from (to) the reservoirs are both large




Until now, the generation of quantum master equations has been limited to the ase of
sequential tunneling within quantum dots oupled to normal reservoirs, using a mirosopi
Hubbard-type Hamiltonian
18,20
. In partiular, eletron transfer whih is mediated by high
lying virtual states is not aounted for. Consider now the ase of a superondutor oupled
to quantum dots: single-eletron tunneling does not onserve energy and is forbidden as
3
the eletron transfer is aompanied by the emission of a Bogolubov quasipartile. However
two-eletron events suh as Andreev proesses (transfer of a pair of eletrons out of the
superondutor) and superonduting otunneling (Sotunneling) proesses
21
(transfer of
an eletron from one dot to another via the superondutor) onnet low energy states, and
thus enter the lowest-order ontribution to the tunneling urrent from the superondutor.
One simpliation would be to assume that the two-eletron tunneling proesses our si-
multaneously, and are desribed by a pair Hamiltonian: rate equations have been written
reently in this manner for the transport proesses in a teleportation ell whih employs
an array of normal and superonduting quantum dots
8
. However, in presene of transport
hannels mixing dierent proesses, it is safer to derive quantum master equations starting
diretly from the mirosopi Hamiltonian. This is ahieved in the present work, taking
into aount the main parasiti proesses. The sequene of relevant steps will learly require
virtual states whih ontribute to Andreev and otunneling events. After having established
the equations inluding oherent quantum mehanial eets and Coulomb blokade, we will
determine their range of validity and show the relevane of the lifetime of virtual states. The
derivation of quantum master equation is non-perturbative with regard to transitions within
the Entangler, while the oupling to the leads is treated within the Fermi golden rule as in
the orthodox theory of Coulomb blokade
17
.
The paper is organized as follows. In Se.II, we present the system and its energy sales,
together with the Crossed Andreev proess  the main proess  and the important parasiti
proesses that an our during its evolution. This allows to write the many-exitation
wavefuntion whih is the starting point of eah mirosopi derivation. This derivation is
rst desribed in Se.III for the Crossed Andreev proess, without any parasiti proess.
Parasiti proesses are presented next, and ompared in Se.IV before giving the omplete
desription of the system by quantum master equations in Se.V and appendix B. Se.VI
provides the physial disussion of the operation of the devie as a funtion of its parameters.
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II. THE ENTANGLER DEVICE AND ITS PARAMETERS
A. The model
Let us rst provide a qualitative desription of the Entangler. The setup involves a
superondutor (S) oupled by tunneling barriers to two quantum dots (D1 and D2) whih
are themselves oupled to normal leads, L and R (see Fig.1). Only one level is retained in
eah dot, assuming the level separation in eah dot to be large enough
1
. The energy levels of
the dots an be tuned by external gate voltages. The mirosopi Hamiltonian of the entire
system is the following:























where γkσ, diσ, alσ, arσ are destrution operators for Bogolubov quasipartiles, dot eletrons
and reservoir eletrons. niσ = d
†
iσdiσ is the oupation number in the dots, whih enters the
Hubbard repulsion term with oupling onstants U1 and U2. A possible inter-dot repulsion is
omitted here for sake of simpliity, but it ould easily inorporated in the energies of various
harge states of the two dots system.





















rσd2σ + h.c. (3)
with a single eletron tunneling amplitude Ω1 (Ω2) between S and D1 (S and D2), and
Ωl (Ωr) between D1 and L (between D2 and R). σ = {12 ,−12} is the spin variable. Note
that Htunnel is written in the Fourier spae. Point ontats are assumed between S and












iσckσ. The eetive momentum dependene
of the tunneling amplitude Ωki introdues a geometrial fator, whih an strongly inuene
the transition amplitude for proesses involving the two quantum dots. During the injetion
proess, Cooper pairs are initially separated into one eletron in a dot and one quasipartile
5
























































FIG. 1: The Entangler setup: a superondutor injets eletrons in quantum dotsD1 andD2, whose energies
in state |1〉 (i.e. one exess eletron) are respetively E1 and E2. Eletrons in the dots an subsequently
tunnel into the normal reservoirs L,R.
Here S stands for the annihilation of a Cooper pair22, and φS is the superondutor's
phase. The two eletrons from a Cooper pair beome an entangled pair of eletrons (only the
singlet state is involved) when going into dierent leads. Current ow is imposed by a voltage
bias∆µ between the superondutor and the leads. The basi mehanism for entanglement is
based on a Crossed Andreev proess between the superondutor and the two quantum dots,
fored by the Coulomb blokade in the dots. First, two entangled eletrons are reated in
D1 and D2 via a virtual state whih ontains a quasipartile in S whose energy is larger than
∆S, the superonduting gap. This proess is oherent, and ouples the superonduting
hemial potential µS and the nal energy of the pair in the dots E1 + E2. This Andreev
proess probability is optimized at E1 + E2 = µS, and behaves like a narrow two-partile
Breit-Wigner resonane. Then the two eletrons tunnel independently to eah lead. This
whole sequene of events forms the Crossed Andreev hannel.
6
B. Working onditions
Next, the relevant parameters desribing the devie are disussed, following Ref.1. First,
the harge states of the quantum system have to be well separated to avoid transitions due
to thermal exitations. But the thermal energy must be large enough in omparison to
the transition probability to allow the markoan hypothesis. Therefore ΓL,R ≪ kBΘ ≪
Ei − µL,R. In order to onserve spin and thus the singlet state during the eletron transfer,
spin-ip must be exluded. Thus eah dot annot arry a magneti moment whih ould
interfere with an eletron oming from S, i.e. it must arry an even number of eletrons1.
Moreover, when an eletron is deposited on a dot, another eletron of this dot with opposite
spin ould in priniple esape to the normal leads thus spoiling the entanglement. This
spin-ip proess is suppressed when the dot level spaing δǫ is larger than the imposed bias
∆µ and the temperature kBΘ. Entanglement loss an also our beause of eletron-hole
exitations out of the Fermi sea of the leads during the tunneling sequene. Suh many-
partile ontributions are suppressed if the resonane width ΓL,R = 2πρL,R(E1,2)|ΩL,R(E1,2)|2
is smaller than E1,2 − µL,R. This justies the mirosopi Hamiltonian of Eq.1.
Next, given this Hamiltonian, one needs to justify the derivation of the quantum master
equation. Single-eletron tunneling from the superondutor to the leads via the dots is
avoided beause it implies the reation of a quasipartile in S. This proess osts at least
∆S whih is assumed to be muh larger than ∆µ and kBΘ.
C. Parasiti proesses
The main purpose of this devie is to fore the two eletrons from a pair to propagate
in the two dierent leads. In a lean three-dimensional superondutor, this proess is





(ξ0 is the superondutor oherene
length and r = |~r1 − ~r2| is the distane of the two ontats between dots and S). The
rossed Andreev amplitude is then γAT , with T = (π/2)N(0)Ω1Ω2. Beside the deay on
ξ0, the algebrai fator an be improved by reduing the dimensionality
23
or using a dirty
superondutor
24
. Inidentally, the nite width of the ontats may introdue diration
orretions to the geometrial fator. Note that when taking into aount the nite thikness




There are three main parasiti proesses whih ould derease the Entangler eieny.
Two of them reate dierent hannels of emission of two eletrons oming from a Cooper
pair, for whih the two eletrons an tunnel to the same lead
1
. Although they involve
higher energy intermediate states, those do not suer from the geometrial fator of the
Crossed Andreev hannel. In addition, an elasti otunneling  this proess will be alled
Sotunneling in what follows  onnets every hannel to other proesses by transferring
an eletron between the two dots via S.
The two eletrons of a Cooper pair an tunnel through the same dot by an Andreev proess
(f. Fig.3). Beause of double oupany, the pair would get an energy U due to Coulomb
repulsion. This is a oherent proess between two energy levels with a large energy dierene
U . Beause this energy ost is muh larger than the Andreev proess probability amplitude
Ti ∼ N(0)Ω2i involving a single lead, this proess is strongly suppressed1. Alternatively, a
pair ould propagate to the same lead if the rst eletron injeted on a given dot leaves it
before the seond eletron is deposited on either dots. It goes to the orresponding lead
while its twin eletron has been staying in S as part of a quasipartile (f. Fig.4). The
latter an then hoose toward whih dot it will tunnel. It will prefer the same dot in order to
avoid paying the geometrial fator. This latter proess osts ∆S and thus an be suppressed
with ∆S ≫ γAT . Let us notie that this proess requires three transitions, inluding one
transition to a reservoir, thus it is not oherent.
By a Sotunneling proess via S, an eletron an tunnel from D1 (D2) to D2 (D1)(f.
Fig. 5). This is a oherent proess between two disrete energy levels, E1 and E2 for a
single eletron in the two dots or U1 and E1+E2 for a doubly oupied dot (U2 and E1+E2
for the opposite onguration). Cotunneling is haraterized by an amplitude γCT , with its
own geometrial fator γC. If the energy dierene between the two oupled levels is muh
larger than the proess amplitude TC , this proess will be weak.
To summarize, the working regime of the devie is the following:
∆S, U, |E1 − E2| > δǫ > ∆µ, kBΘ > ΓL,R, TA, TC (8)
This working regime ontains the justiations for the approximations made in the derivation
of the master equation: the markoan approximation and the relevant proesses involving
at most two suessive virtual states with only one quasipartile in S.
8
In what follows we also assume that ∆µ > kBΘ, in order to ensure the irreversibility of
the pair prodution.
III. MASTER EQUATIONS FOR THE CROSSED ANDREEV CHANNEL
The transport hannels whih are desribed above an be haraterized by the harge
onguration of the isolated quantum system for eah step of the Entangler operation. The
quantum system is omposed of the dots and the superondutor, but its dynamis an be
diretly probed by integrating out exitations in the reservoirs and superondutor. Using
the Shrödinger equation and generalizing the proedure of ref.18, it is shown here how to
derive quantum master equations whih desribe the evolution of the redued density matrix
of the system. As a starting point, we onsider the dynamis in the situation where only
the Crossed Andreev proess and one-eletron relaxation proesses are eetive  the ideal
regime. The wavefuntion is thus hosen to inlude only the harge states involved in this
partiular hannel. A redued Hilbert spae ontaining the lowest energy states and the











































FIG. 2: Sequene of states for the Crossed Andreev hannel of the Entangler. For instane, bik,σ denotes
the amplitude to have an eletron in dot i while a quasipartile is reated in the superondutor. First an
eletron is deposited in either dot, next the seond eletron tunnels and forms a singlet state in the pair of
dots, next either eletron is absorbed in the reservoir, and nally the two dots are empty.
9



































































+ · · · + · · · + · · ·

|0〉 (9)
where b...(t) are the time-dependent amplitudes for nding the system in the orresponding
states with the initial onditions b0(0) = 1 and all other b(0) are zero. The indies indiate
the eletron oupation in the dots and reservoirs, as depited in Fig. 2. The use of
Shrödinger equation and the form of |Ψ(t)〉 all for some omments. In fat, as said above,
the temperature is not zero thus one should in priniple rely on a density matrix desription
from the beginning. Yet, under the ondition ΓL,R < kBΘ < ∆µ, one an simply use the
Shrödinger equation in a redued subspae of states
18
. Those states for instane do not
inlude eletron-hole exitations in the same reservoir: these are supposed to relax on a very
short time, due to inelasti proesses ourring in L and R. On the ontrary, all possible
harge and spin states on the dots, together with all exitations inluding holes in L and
eletrons in R, are onsidered. Summing on these reservoir states eventually lead to the
equations for the two redued density matrix
18
.
After substituting Eq.(9) into the Shrödinger equation i|ψ˙(t)〉 = H|ψ(t)〉, an innite
set of oupled linear dierential equations is obtained for b(t) by projeting i〈ψi|ψ˙(t)〉 =
〈ψi|H|ψ(t)〉 for eah state |ψi〉. |ψi〉 haraterizes the quantum state of the total system





and taking into aount the initial onditions, an innite set of algebrai equations is ob-
10
tained for the amplitudes b˜(E) (see Fig.2):










−k2b˜2kσ = i (11a)
(E + iη − E1 − Ek)b˜1kσ = σv∗kΩk1b˜0 + ukΩ∗−k2b˜12Sσ (11b)
(E + iη − E2 −Ek)b˜2kσ = −σv∗kΩ−k2b˜0 − ukΩ∗k1b˜12Sσ (11)
































−k2b˜lrSσ,2k′σ′ = Ωlb˜1rσ + Ωr b˜2lσ
(11g)
. . .
Eah term orresponds to the transition between two suessive states. Eah transition
leads to the reation or annihilation of a quasipartile either in S or in a reservoir. There
is an fundamental dierene between the two types of transitions. The rst one involve
an exited state whose lifetime is so small (τqp ∼ 1/∆S ≪ 1/T ) that oherene is kept
until the quasipartile is destroyed. On the other hand, in the reservoirs, quasipartiles
instantaneously deay (τrelax ∼ 1/EF ≪ 1/Γ) so oherene is lost (Marko proess). To
simplify the system of equations, the expression for b˜ is substituted in terms of the type∑
Ωb˜ from equations ontaining sums. Every sum over the ontinuum states (k, l, r) is
replaed by integrals (see Appendix A). Crossed terms (like
∑
l b˜lΩlΩr/(E − El)) vanish18,
and the following set of equations is obtained:
(E + iη − 2c(T1 + T2))b˜0 = 2γATeiφS(b˜12S,σ − b˜12S,−σ) (12a)







(E + iη − E1 −Er + iΓL
2
)b˜1rS,σ = Ωrb˜12S,σ (12)
(E + iη − E2 −El + iΓR
2
)b˜2lS,σ = Ωlb˜12S,σ (12d)











N(0)Ω2i and c, c
′
are numerial onstants (see Appendix A), involved in self-
energy orretions. Here the oeients for virtual states (states |v〉 and |v′〉 in Fig.2) have
disappeared from the equations. This is the onsequene of the suession of quasipartile
reation and annihilation transitions fored by the assumption that two quasipartiles annot
oexist in S.
























From Eq.(12b) one an say that oeients b˜12S,σ and b˜12S,−σ for a given spin are op-
posite. This is the same for b˜1rS,σ and b˜1rS,−σ, b˜2lS,σ and b˜2lS,−σ. The tunnel Hamil-








The density matrix elements of the set-up are now introdued. The Fok spae of the
quantum dots onsists of four possible harge states: |a〉 - levels E1 and E2 are empty, |b〉 -
levels E1 and E2 are oupied, |c〉 - level E1 is oupied, |d〉 - level E2 is oupied. Reservoirs
states are identied by n, the number of pairs of eletrons out from S to the reservoirs. To












∣∣∣b˜singletlrS ∣∣∣2 + ∑
l<l′,r<r′








∣∣∣b˜singlet1rS ∣∣∣2 + ∑
l′,r′<r




∣∣∣b˜singlet2lS ∣∣∣2 + ∑
l′<r,r′



























where α/β speify the harging states assoiated with the amplitudes (b's). The equations
for n = 0 an be obtained straightforwardly. For instane, to get σ
(0)
aa , Eq.(12a) is multiplied
by b˜∗0(E





















σ˙(0)cc = −ΓLσ(0)cc + ΓRσ(0)bb (15)
σ˙
(0)















Note that the diagonal matrix elements (the populations) are oupled with the o-diagonal
density-matrix elements (oherenes), whih is symptomati of a oherent, reversible tran-
sition.
To obtain the equations for the oherene one subtrats Eq.(12a) for E multiplied by
b˜∗12s,singlet(E






(ΓL + ΓR) σ
(0)










where K = c′ − 2c.
These equations desribe the sequential evolution of the system and involve onsequently
only proesses between real states. Coherent proesses (not involving reservoirs) ouple
non-diagonal elements to diagonal elements while relaxation proesses ouple only diagonal
elements. From the set of equations 15, one an see that these proesses do not interfere
beause of the loss of phase oherene introdued by the markoan approximation, i.e. the
sum over reservoir states. A density matrix element for one partiular state is then only
oupled to the elements for adjaent states in the sequene. Thus the proesses an be added
easily, whih will be ruial when onsidering the full operation inluding all hannels.
Here, beause only one urrent hannel is implied in the ideal operation, we an easily
verify that the equations are the same for eah n. Therefore the sum over n is obvious
13














)− (ΓL + ΓR) σbb (17b)
σ˙cc = −ΓLσcc + ΓRσbb (17)
σ˙dd = −ΓRσdd + ΓLσbb (17d)
σ˙ab = −1
2







iφS (σaa − σbb) (17e)
with E ′i = Ei +KTi.
This is the main result of this setion. First, let us remark that the transition rates
ΓL,R appear only from the dots to the reservoirs, and not in the opposite diretion. This
is onsistent with the assumption that kBΘ is small ompared to the transition energies
between dots and reservoirs. This limitation of Gurvitz's method is not a problem here
sine the Entangler atually needs to be strongly biased to avoid deoherene eets. The
seond term of Eq.(17e) expresses that two disrete energy levels are oupled by a oherent
proess involving two transitions. Note that the probability of transmission between these
two states is maximum in the resonant ase, e.g. ε = E ′1 + E
′
2 is zero.
The ideal operation of the system involves only one hannel for transferring a Cooper
pair to the reservoirs: the two eletrons tunnel towards dierent leads. Atually, using the
normalization ondition for the populations σaa+σbb+σcc+σdd = 1, equations (B) are easily
solved for the stationary urrent, I = I(t→∞) (σ˙αβ = 0):











IentR = eΓRσbb + eΓRσdd = I
ent
L (19)
This urrent is made of entangled singlet pairs. This result was obtained earlier in Ref.1 in
the limit γAT ≪ Γ and ΓL = ΓR. Here the presene of the term 8γ2AT 2 in the denomination
omes from a omplete (non-perturbative) treatment of both Andreev and deay proesses.
The equality of the urrents in the two branhes of the devie is a diret onsequene of
the Crossed Andreev proess. Every eletron pair rosses and goes out of the system - eah
14
eletron on its own side - before the next pair is injeted in the dots. Those yles never
overlap in this ideal working regime.




ε2 + (ΓL + ΓR)2/4
(20)





like a single quantum dot between two leads
17
. In the latter situation, the dots are almost
always oupied, so that the resistane is dominated by the rate assoiated with the two
barriers - in parallel - between dots and leads.
IV. PARASITIC CHANNELS
The ideal working regime is aeted by parasiti proesses: Andreev tunneling via a
single dot, one-by-one tunneling or Sotunneling. The two rst ones have been separately
omputed by the T-matrix in Ref.1. Their eet is to reate dierent hannels of pair urrent
whih derease the eieny of entanglement. As said before, the terms for eah proess an
be added in the equations and ombined before inluding them together in a whole system
of quantum master equations olleting every possible proesses (see part V). To start with,
the dierent proesses will be separately onsidered.
A. Diret Andreev eet proess against Coulomb blokade
Let us imagine that a Cooper pair tunnels to the same quantum dot by an Andreev
proess, while generating a doubly oupied state.
Beause of Coulomb repulsion, an energy U (Eq.(2)) is required for having two eletrons
in a same quantum dot. If U is large enough, suh a proess will have a low probability.
With onventional dot tehnology, the interation energy U ∼ 1K in the quantum dots an
be ontrolled so that it is smaller than the superonduting gap ∆S > 2K. Therefore the
doubly oupied energy level has no oupling to the ontinuum of S quasipartiles, whih
would eetively introdue a broadening.
15
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FIG. 3: A urrent hannel sending a pair of eletrons to a same reservoir. Andreev proess towards one
quantum dot an happen against strong Coulomb repulsion U .
Similarly to the ase of the ideal working regime (Se.III), the set of dierential equations
assoiated with this Diret Andreev hannel are established for the redued density matrix
elements. Here, only one branh - say L - is onsidered for simpliity. The Fok spae of the
quantum dots onsists here of three possible harge states: |a〉 - both dots are empty, |e〉 dot












































+ · · · + · · · + · · ·

|0〉 (22)
From the Shrödinger equation, and performing steps similar to Se.III, the set of equations










σ˙cc = −ΓLσcc + 2Γ′Lσee (23)
σ˙ae = i [U1 +K
′T1] σae + 2iT1e
iφS (σaa − σee) + Γ′Lσae (23d)
with K ′ a numerial onstant, and Γ′L = 2πρL(U1 +E1)|ΩL(U1 +E1)|2 the level broadening
introdued by oupling of the two-eletrons level with lead L. These equations are similar
to equations (B). Nevertheless, the sequene passes through a high energy-level (U) via
an Andreev proess whih implies an osillation between two disrete energy levels, µS and
U ′1 = U1+K
′T1. On the ontrary, in the ideal regime, this energy dierene an be as small
as desired.
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B. One-by-one eletron tunneling to the reservoir
This hannel is another way to send a pair into one single lead. Before the seond
eletron of a broken Cooper pair an tunnel to a dot, the rst one already leaves the dot to
the orresponding lead. The seond eletron will tunnel through the same dot as its twin
eletron with a muh higher probability (Fig.4) than through the other dot, beause of the
geometrial fator. The latter proess will be simply negleted.
1l ll’0b b b b b
state a
σ σ −σ σ σ,−σ
state cstate a
σ1k lk σ σ
−σ −σ
σ
FIG. 4: Sequene orresponding to the tunneling of a singlet pair through one branh of the devie. States
|a〉 and |c〉 are oupled through two suessive virtual states.
There are only two proesses involved in this hannel. The rst one, between states
|a〉 and |c〉, requires two onseutive virtual states, both ontaining a quasipartile in S.
Beause of the oupling with a ontinuum of states in the lead, phase oherene is lost thus
o-diagonal matrix elements  or oherenes  are not oupled to populations. Therefore
this hannel is peuliar in the sense that it is inoherent even though it involves transitions
with S. The equations desribing the evolution of the density matrix are obtained as before.
The Shrödinger equation gives:










(E + iη − El − Ek) b˜lkσ = Ωlb˜1kσ + ukΩ∗k1b˜1lσ (24)














Let us eliminate b˜lkσ. To simplify, the notation ∆ij = E + iη − Ei − Ej is introdued.(
































Finally, using integrals alulated in Appendix A5, eq. A14, the following set of equations
is obtained: (







b˜0 = i (27)(





















b˜ll′σ = Ωl′ b˜1lσ − Ωlb˜1l′σ (29)
Virtual states have disappeared from the equations. The remaining term in T1Ωl orresponds
to the three-step proess oupling |a〉 to |c〉. Introduing the elements of the density matrix
one gets :




ΓLσaa + ΓLσcc (30a)






where K ′′ = 4/π2. This proess behaves as the transport through a single dot where the
rst barrier between the left lead and the dot is a three-step proess via two virtual states
and the seond barrier is a lassi tunnel barrier.
C. Sotunneling between the two quantum dots
Another proess involves intermediate virtual states of the quantum devie whih are
ommon to the other proesses: otunneling
21
between the two quantum dots via S. This












FIG. 5: Cotunneling between the two dots. An eletron from dot 1 tunnels towards the dot 2 via a virtual
intermediate state ontaining a quasipartile. Two ontributions partiipate to the otunneling depending
on when the initial eletron is transferred.
It an our in dierent situations: between states ontaining only one or two eletrons
in the two dots. Like for the Crossed Andreev proess, the transmission probability depends
on the energy dierene between the two oupled states. The equation of evolution for the
density matrix desribing osillations between two states - |c〉 (eletron on dot 1) and |d〉
(eletron on dot 2) are established:
σ˙cc = iγCT (σcd − σdc) (31a)
σ˙dd = iγCT (σdc − σcd) (31b)
σ˙cd = i∆Eσcd + iγCT (σcc − σdd) (31)
(31d)





is the geometrial fator orresponding to this
otunneling proess
12
. Note that when the distane r whih separates the two tunneling
loations is zero, γC diverges. This is expeted beause this proess has no meaning for
the same tunneling loation: this loal proess brings bak the system in the same state, it
only partiipates to the renormalization of the energy level of the state by oupling with the
ontinuum of quasipartiles in S. Note that the transition amplitude T is the same as for
Andreev proess.
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V. ENTANGLER IN THE PRESENCE OF PARASITIC PROCESSES
One of the advantage of Bloh-type equations is to be able to study all proesses together
and non-perturbatively. In the previous setions, a spei system of dynamial equations
was obtained separately for dierent hannels of pair urrent. In partiular, suh hannels
are repeated yle after yle, whih allows to systematially group the ontributions with















































FIG. 6: General operation inluding the three Andreev hannels and Sotunneling. States with three or
four eletron states are omitted for larity. Real states are fully squared while virtual states are dashed
squared. To make it simpler, spin is not represented. The Ω's orrespond to transitions between two
quantum states |S〉 ⊗ |dots〉 ⊗ |l, r〉, while TC indiates the resonant otunneling proess. Certain mixing
proess, like Diret Andreev eet between states |c〉 and state with one eletron in dot 1 and two eletrons
in dot 2, are not presented for lak of spae. However suh proesses are inluded in the quantum master
equations.
In reality, eah hannel (indued by Crossed-Andreev, Diret Andreev, S-otunneling)
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mixes into one another, so one needs to gather all transitions in a single set of equations
for the density matrix. Beause of this mixing, it is no more possible to establish a set of
equations yle after yle.
A starting point for deriving generalized quantum master equations is thus to label the
amplitude assoiated with eah proess by variables whih ount how many entangled pair
have passed through reservoir R or L or both (while being split). Note that suh variables do
not appear in the quantum master equation of eah hannel beause they have been summed
over. It is straightforward, but tedious, to write a full Shrödinger equation for the most
general operation, ombining all states, and to derive the density matrix equations. The
basi assumption is that not more than one quasipartile is exited in the superondutor
during the proesses.
As was said in part III, all the proesses an be gathered without appealing to the full
derivation of the Shrödinger equation, by adding terms orresponding to eah proess. We
set the equations for a given state of reservoirs were nL (nR) singlet pairs of eletrons have
tunneled to the reservoir L (R) and n0 pairs whose eletrons have tunneled to dierent
leads. States are thus dened by the harge of quantum dots, one eletron already in
the reservoir while its twin eletron is still in the quantum system, and nL, nR and n0:
|ψ〉 = |dot1, dot2〉 ⊗ |ll′rr′〉 ⊗ |nL, nR, n0〉. To get equations for only the harge states of the
dots, they are summed over l, l′, r, r′ and the reurrene is made over nL, nR, n0. The
obtained set does not depend on the number of hannels and leads. Thus Gurvitz's method
for generating quantum master equations
18
an be generalized to the multi-terminal ase
with many urrent hannels. The full system is given in Appendix B. One an notie that
the parasiti proesses may generate triplet pairs in the leads L,R.
VI. DISCUSSION
The set of quantum master equations will now be used to desribe more quantitatively
the transport properties. To assess the onstraints on parameters, eah hannel will rst be
studied, before using the omplete set to obtain a numerial evaluation of the operation in
a realisti regime.
By solving quantum master equations one an nd the average urrent for eah unoupled
hannel. This will be done for the symmetri ase (ΓL = ΓR, U1 = U2 and T1 = T2) and
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assuming that ΓL,R = Γ
′
L,R = Γ when the oupling between quantum dots and lead depends
weakly on the energy: The Diret-Andreev urrent is omputed in the stationary regime
with Eqs.(23):
IAndreevL /e = 2Γ
′
Lσbb + ΓLσcc = Γ
16T 2
16T 2 + Γ2 + U ′2
(32)






















Without taking here into aount elasti otunneling, one an see here the relationship
between parameters that must be fullled to approah the ideal working of the Entangler:
U ′,∆S ≫ max[T,Γ/γA, ε/γA]. This an be understood with a dynamial study of eah
hannel. Atually Andreev proesses are oherent proesses whih reate an osillation
between the state where the Cooper pair is in S and states where the pair of eletrons is in
the dots. Thus it will be a ompetition between the period and the amplitude of osillations
and the probability of tunneling from a dot to a reservoir. Let rst onsider the ase where









(1− cos(2γAT t)) e−Γt (36)
while for Diret-Andreev proess
σee(t) =
2T 2




U ′2 + 4T 2t)
)
e−Γt (37)
Beause Γ is small we are here in the regime where the Crossed-Andreev hannel is more
probable than the Diret-Andreev one beause many osillations between oherent states
















U ′2 + Γ2
(
e−ΓT
2/(U ′2+Γ2)t + e−2Γt − 2 cos(Ut)e−Γt
)
(39)
As soon as the pair has tunneled to the dots, it goes to the reservoirs. And beause the Diret-
Andreev frequeny is larger than the Crossed-Andreev one (U ≫ γAT ), there is a small time
interval in whih Diret-Andreev is favored even though the amplitude of osillation (and
thus tunneling between |a〉 and |e〉) is smaller: for a relaxation time 1/Γ of the order of half
a period of osillation for Diret Andreev eet (π/U), after a time t ∼ 1/Γ, the population
of state |e〉 an be muh larger than population of state |b〉.
The same kind of argument an be given to study the eet of Sotunneling. As said
before, for U and ∆S large enough, the only parasiti eet is elasti otunneling. Us-
ing only this proess and Crossed-Andreev proess in the master equation, the eieny
of entanglement is alulated depending on E = |E1 − E2| whih ontrols Sotunneling
probability. We want to know the proportion of eletrons from a same pair tunneling to
dierent reservoirs (Pentangled) or to the same reservoir (Pparasitic). Cyles of urrent do not
overlap so the probability is the same for eah yle. To alulate them, we an use Bloh
equations desribing the evolution on only one yle to get rst |c〉 and |d〉 populations as
a funtion of time. From state |b〉 the rst eletron tunnels for example towards the left
reservoir. The hane for the seond eletron to tunnel towards the right (left) reservoir is
ΓRpd(t) (ΓLpc(t)) assuming that pd(0) = 1. Thus Pentangled =
∫∞
0
ΓRpd(t)dt. For ΓL = ΓR:
Pentangled =
Γ2 + E2 + 2γ2cT
2
Γ2 + E2 + 4γ2cT
2
(40)
From equation (40), we an see that the ondition to neglet Sotunneling, leading to
Pentangled ∼ 1, is γcT ≪ max[E,Γ].
A more general study using the omplete set of equations (see Appendix B) has to be
performed. This set of equations an be solved in the stationary regime, but the general
solution is typially umbersome. For the sake of readability, it is presented here taking
into aount the parasiti proesses only to rst order. This xes the dierent energy sales,
previously disussed above, whih dene the working regime of the Entangler. Here the
asymmetry ΓL 6= ΓR is kept to show the role of Sotunneling.
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FIG. 7: Charge states populations as a funtion of U for ∆S = 9.5K, E1 = −E2 = 0.5K, ΓL,R = Γ′L,R =
T = 0.1K, γA, γC ∼ 0.2. States |a〉, |b〉, |c〉, |d〉, |e〉, |f〉 refer to Fig.6. State |k〉 refers to the triplet state
shared between dots, and states |g〉 and |h〉 refer to three eletrons states (f. Appendix B). |g〉, |h〉 and
|k〉, populations orrespond to the three lowest urves. The population of states ontaining doubly oupied
dots vanishes when U inreases. For low values of U (U ∼ |E1 − E2|), the asymmetry is introdued by
energy dierene between states |e〉 (two eletrons in dot 1) and |f〉 (two eletrons in dot 2).
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and σ−10 = A + 1 + ΓR/ΓL + ΓL/ΓR. From Eq.(42) we an exhibit
whih parameters are ontrolling eah ontribution to the total urrent.
To omplete this disussion, the set of equations is used to desribe the average popula-
tions of eah state depending on some relevant parameters. ∆S is taken to be the largest en-
ergy sale. With niobium as superondutor, one takes ∆S ∼ 9.25K. For a two-dimensional
quantum dot, small enough (10nm2), one takes |Ei| ∼ 0.5K and U ∼ 9K, with T,Γ ∼ 0.1K26
and γA, γC ∼ 0.2.
On gure 7, it an be seen that the population of states ontaining doubly oupied
24





















FIG. 8: Ratio between populations of state |b〉 (singlet state shared between dots 1 and 2) and of state
|e〉 population(two eletrons in dot 1) for ∆S = 9.5K, E1 = −E2 = 0.5K, ΓL,R = Γ′L,R = T = 0.1K,
γA, γC ∼ 0.2. It indiates the ratio between Diret-Andreev hannel and Crossed-Andreev hannel. The
latter is strongly favored when U inreases (pb/pe(U/Γ = 90) = 83.3).
dots vanishes when U inreases. It is important to notie that when U ∼ |Ei|, the system is
asymmetri and the hannel with U ∼ |E1−E2| is favored beause a Diret-Andreev proess
beomes resonant. At the working point (U/T = 90) pe/pb = 0.012. Two hannels an be
ompared in alulating the ratio between two populations: on gure 8 the ratio between
the population of state |b〉 and the one of state |e〉 indiates whih of Crossed-Andreev and
Diret-Andreev proess is the most likely depending on U . Thus inreasing U inreases the
eieny of entanglement. For small U ∼ Γ, the two hannels beome omparable beause
deays to reservoirs are muh faster than Crossed-Andreev osillations.
A large Γ will allow a fast transition between dots and reservoirs. That is why inreasing
Γ/T will favor the most likely proess whih onnets the superondutor to the dots1. On
gure 9 we an see that inreasing Γ favors the deay of a single harge state before another
pair tunnels towards the free quantum dot. Atually, beause Diret-Andreev osillations are
faster (frequeny∼ √E2 + 4T 2) than Crossed-Andreev osillations (frequeny∼ γaT ), even
if their probability is smaller, the deay towards reservoirs an happen before one Crossed-
Andreev proess has been ahieved. Thus inreasing Γ/T at xed U , Diret-Andreev proess
25





















FIG. 9: Ratio between populations of state |h〉 (one eletron in dot 1, two eletrons in dot 2) and of state |c〉
(one eletron in dot 1) for ∆S = 9.5K, E1 = −E2 = 0.05K, ΓL,R = Γ′L,R, T = 0.1K, U = 1K, γA, γC ∼ 0.2.
Inreasing Γ ompared to the transition rate of Diret-Andreev and Crossed-Andreev proesses allows to
favor the deay of single harge states before another Cooper pair tunnels to the free quantum dot. For
U = 1K = 10T , ph/pe < 1.5%.
inrease to the detriment of Crossed-Andreev one.
VII. CONCLUSION
In this artile, quantum master equations have been derived, starting from a mirosopi
Hamiltonian for the superonduting-dot Entangler. Using the Shrödinger equation teh-
nique developed in Ref.18, the full equations desribing the evolution of the redued density
matrix are obtained, retaining as virtual states only single partile exitations in the super-
ondutor. Considering only one level by dot, all possible proesses are taken into aount
in a fully onsistent and non-perturbative way: Crossed-Andreev proess, responsible for en-
tanglement, as well as Diret-Andreev and one-by-one tunneling proesses, and otunneling
through the superondutor. The latter onnets all the other proesses, yet the quantum
master equations written in Appendix B take into aount all proesses in a oherent way.
From them, the average urrent has been alulated. The onditions on the Entangler pa-
rameters, needed for an optimal operation of the devie, have been derived, and extend the
26
result of Ref.1.
The power of master equations is to give aess, not only to the rst moment, but to all
moments of the urrent distribution
27
. In a forthoming paper
28
, shot noise orrelations are
omputed in order to give a lear diagnosis of entanglement
9,29
. Another extention of Bloh
equations is to inlude expliitly spin/harge relaxation or oupling to external degrees of
freedom, in order to quantitatively study deoherene eets.
Suh a derivation of quantum master equations, inluding higher order proess, an obvi-
ously be generalized to a wide lass of quantum systems involving disrete harge states and
oherent/inoherent transitions. It is therefore a valuable tool for investigating nanostru-
tures in view of ontrolling quantum information based on spin/harge degrees of freedom.
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APPENDIX A: CALCULATION OF INTEGRALS
To obtain the evolution equation of the density matrix, it is neessary to ompute some
integrals arising from the oupling between S and the two dots.
1. Crossed-Andreev eet
The tunneling of the two eletrons of a same Cooper pair to two dierent dots gives a





E − Ei −Ek (A1)
The two energy levels of the dots are assumed to be lose to µS. The transitions amplitudes,




. Negleting E − Ei ≪ Ek ∼ ∆S one obtains:




















dk k2 sin θeikr cos θ
∆








and V the volume.



















The four poles are:

















k1 = akF e
iθ
, k2 = −akF e−iθ, k3 = −akF eiθ, k1 = akFe−iθ. the ontour is the positive











(k1 − k2)(k1 − k3)(k1 − k4) +
k2e
ik2r
(k2 − k1)(k2 − k3)(k2 − k4)
− −k3e
−ik3r
(k3 − k1)(k3 − k2)(k3 − k4) −
−k4e−ik4r












πe−akF r sin θ
2(akF )2 sin(2θ)
[
eiakF r cos θ − e−iakF r cos θ] (A4)











In what follows, IA is noted: IA = γAT with T =
π
2






geometrial fator for Crossed-Andreev eet.
2. Diret-Andreev eet






E − Ei − Ek (A6)
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From the previous alulation, one must take the limit r → 0 in the Eq.(A5). The same
result is found when making the alulation without taking into aount the phase fator






The self-energy terms are due to the oupling between a disrete state (state with zero or
one eletron in a dot) and a ontinuum of states (quasipartile states in S). They orrespond
to the renormalization of of these energy levels. They involve |vk|2 when the annihilation of
an eletron in S orresponds to the reation of quasipartile, and |uk|2 when the reation











E − Ei −Ek (A8)
for a given i-side.
The sum are transformed into integrals over quasipartile energies, Ek, with a density
of states given by N(E) = N(0)E/
√
E2 −∆2S. For the alulation, Ei/∆S is noted ei and
E/∆S is noted x.

























IR = cTi (A9)
where c is a numerial onstant.
29
b. Terms in |uk|2: This term never appears alone, so we just have to alulate terms
with |uk|2 − |vk|2.











To avoid the logarithmi divergene we introdue a physial uto  the eletron band width
 to get a nite result. This does not yield a large ontribution beause of the logarithm: if
the band width is 1000 times higher than the gap it only gives a fator 8Ω2 where Ω≪ Ei.
Self energy terms remain small. Let us dene K = c′ − 2c′ for the following.
4. SCotunneling
Loal Sotunneling has no meaning (tunneling of an eletron between two plaes) so





E − Ei −Ek (A11)










eikr − e−ikr) h¯2k22m − µ















−akF r sin θ
(akF )2 sin(2θ)
[
ei(akF r cos θ+θ)
(
a2eiθ − e−iθ)− e−i(akF r cos θ+θ) (a2e−iθ − eiθ)]
(A12)






























The seond term is muh smaller than the rst one (∆S ≪ EF ). The only dierene with






. Sotunneling diverges for r → 0.
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5. One-by-one eletron tunneling to the reservoir
Here the alulation is not ompliated by a phase fator. The sum over k is simply

































APPENDIX B: QUANTUM MASTER EQUATIONS FOR THE ENTANGLER
The set of fully onsistent and non-perturbative quantum master equations an be derived
(see main part of the paper). For simpliity, the spae of harge states has been restrited
here to 0, 1, 2 or 3 eletrons in the two dots. Numerial alulations have been made with
this set of equations inluding states |g〉 (one eletron in dot 2, two eletrons in dot 1), |h〉
(one eletron in dot 1, two eletrons in dot 2) and |k〉 (triplet state shared between dots 1
and 2).
σ˙aa = +2iT1 (σae − σea) + 2iT2 (σaf − σfa)
2
√








2γCT (σbe − σeb) + i
√
2γCT (σbf − σfb)− 2
√












Γ′Rσhh − 2 (ΓL + ΓR)σbb
(B2)
σ˙cc = iγCT (σcd − σdc)+ 2iT2 (σch − σhc)+ 2Γ˜Lσaa+2ΓRσbb+2Γ′Lσee− (ΓL+2Γ˜R)σcc (B3)
σ˙dd = iγCT (σcd − σdc)+2iT1 (σdg − σgd)+2Γ˜Rσaa+2ΓLσbb+2Γ′Rσff − (ΓR+2Γ˜L)σdd (B4)
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σ˙ee = −2iT1 (σae − σea)− i
√
2γCT (σbe − σeb) + ΓRσgg − 2Γ′Lσee (B5)
σ˙ff = −2iT2 (σaf − σfa)− i
√
2γCT (σbf − σfb) + ΓLσhh − 2Γ′Rσff (B6)
σ˙gg = −2iT1 (σdg − σgd)− (2Γ′L + ΓR)σgg (B7)








Rσhh)− (ΓL + ΓR)σhh (B9)






2iγAT (σaa − σbb) + i
√




































2γCTσfe)−(ΓL + ΓR + Γ′L) σbe
(B13)
σ˙bf = i (U
′
22 − E ′1) σbf+i
√




2γCTσef)−(ΓL + ΓR + Γ′R) σbf
(B14)
σ˙cd = i (E
′













2) σch + 2iT2(σcc − σhh)− iγCTσdh − (ΓL + Γ′R + Γ˜R)σch (B16)




1) σdg + 2iT1(σdd − σgg)− iγCTσcg − (ΓR + Γ′L + Γ˜L)σch (B17)
where E ′ and U ′ are the renormalized energy levels. Γ˜L,R = K
′′2ΓL,RT1,2/∆S orresponds
to the one-by-one proess. The superonduting phase, whih do not hange any result, is
omitted here.
APPENDIX C: DERIVATION OF QUANTUMMASTER EQUATIONS FOR THE
ENTANGLER USING A PAIR-HAMILTONIAN
The same set of quantum master equations ould be obtained from an eetive Hamil-
tonian applied to the method developed in Ref.18. In onsidering all proesses, this Hamil-
tonian an be derived from the mirosopi Hamiltonian (eq.1) using a projetive trans-
formation whih eliminates states with quasipartiles in the superondutor to the lowest
order:

















































rσS + h.c. (C1)
with Ω̂l,r = Ωl,rT1,2/∆S orresponds to the one-by-one proess. The method only requires
the amplitude for probability of proesses oupling dierent states of the quantum system,


































(Γγ→α + Γδ→β) σγδ (C3)
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where the Ω's are the oherent transition matrix elements and the Γ's the relaxation rates.
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